Published by Institute of Physics Publishing for SISSA Received: February 14, 2005 Accepted: April 11, 2005 Published: May 5, 2005

On the component structure of N = 1 supersymmetric nonlinear electrodynamics

Sergei M. Kuzenko and Shane A. McCarthy

School of Physics M013, The University of Western Australia 35 Stirling Highway, Crawley W.A. 6009, Australia E-mail: kuzenko@cyllene.uwa.edu.au, shane@physics.uwa.edu.au

Abstract: We analyze the component structure of models for 4D N = 1 supersymmetric nonlinear electrodynamics that enjoy invariance under continuous duality rotations. The N = 1 supersymmetric Born-Infeld action is a member of this family. Such dynamical systems have a more complicated structure, especially in the presence of supergravity, as compared with well-studied effective supersymmetric theories containing at most two derivatives (including nonlinear Kähler sigma-models). As a result, when deriving their canonically normalized component actions, it becomes impractical and cumbersome to follow the traditional approach of (i) reducing to components; and then (ii) applying a field-dependent Weyl and local chiral transformation. It proves to be more efficient to follow the Kugo-Uehara scheme which consists of (i) extending the superfield theory to a super-Weyl invariant system; and then (ii) applying a plain component reduction along with imposing a suitable super-Weyl gauge condition. Here we implement this scheme to derive the bosonic action of self-dual supersymmetric electrodynamics coupled to the dilaton-axion chiral multiplet and a Kähler sigma-model. In the fermionic sector, the action contains higher derivative terms. In the globally supersymmetric case, a nonlinear field redefinition is explicitly constructed which eliminates all the higher derivative terms and brings the fermionic action to a one-parameter deformation of the Akulov-Volkov action for the Goldstino. The Akulov-Volkov action emerges, in particular, in the case of the N = 1 supersymmetric Born-Infeld action.

Keywords: Superspaces, Supersymmetry and Duality, Supersymmetric Effective Theories, Supergravity Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep052005012.pdf /jhep052005012.pdf

Contents

1. Introduction 1

2. From superfield supergravity to components 3 2.1 Old minimal supergravity 3 2.2 New minimal supergravity 4 2.3 Components in old minimal supergravity 6

3. Kähler sigma-models in supergravity 7 3.1 Superfield formulations 7 3.2 Component action of Kähler sigma-model 8

4. Self-dual electrodynamics in supergravity 10 4.1 Family of self-dual models 10 4.2 Coupling to Kähler sigma-models 11 4.3 Coupling to the dilaton-axion multiplet 12 4.4 Component reduction 12

5. Photino dynamics in flat space 14

6. Relation to the Akulov-Volkov action 16

7. Discussion 18

A. The Akulov-Volkov action 20

B. Old minimal supergravity: alternative realization 21

1. Introduction

The Born-Infeld theory [1] is a particular representative in the family of models for nonlinear electrodynamics which are grouped together through a single classification principle of selfduality, that is invariance under continuous electromagnetic duality rotations [2 – 4]. The requirement of self-duality is equivalent to the fact that the lagrangian L(F ) is a solution to the (non-supersymmetric) self-duality equation [3, 4]

F̃^{ab} F_{ab} + G̃^{ab} G_{ab} = 0 , G̃^{ab}(F ) ≡ 1 2 ε^{abcd} G_{cd}(F ) = 2

∂L(F ) ∂F_{ab} ,

– 1 – with F̃ the Hodge-dual of F . What makes the Born-Infeld model unique is, in particular, its appearance as a low-energy effective action in string theory [5, 6]. It is worth mentioning that a general theory of (nonlinear) self-duality in four and higher space-time dimensions for non-supersymmetric theories was developed in [7].

The concept of self-dual nonlinear electrodynamics [3, 4] was extended to 4D N = 1, 2 globally supersymmetric theories [8, 9]. Such a marriage of nonlinear electromagnetic selfduality with supersymmetry has turned out to be quite robust, since the families of actions obtained include all the known models for partial breaking of supersymmetry based on the use of a vector Goldstone multiplet. In particular, the N = 1 supersymmetric Born-Infeld action [10], which is a Goldstone multiplet action for partial supersymmetry breakdown N = 2 → N = 1 [11, 12], appears, at the same time, to be a solution to the N = 1 self-duality equation [8, 9]. Furthermore, the model for partial breaking of supersymmetry N = 4 → N = 2 developed in [13] proves to be a unique solution to the N = 2 self-duality equation possessing a nonlinearly realized central charge symmetry [9].

Self-dual supersymmetric electrodynamics can naturally be coupled to superfield supergravity [14], using either the old minimal [15, 16] or the new minimal [17] formulations of N = 1 supergravity (see textbooks [18 – 20] for reviews on superfield supergravity). As demonstrated in [14], such dynamical systems possess quite remarkable properties including (i) duality-invariance of the supercurrent; (ii) self-duality under Legendre transformation. These properties are a natural generalization of similar properties in the nonsupersymmetric case [3, 4] and in the globally supersymmetric case [8, 9]. An unexpected feature of self-dual locally supersymmetric systems is that they couple not only to the dilaton-axion chiral multiplet (that transforms under duality rotations), but also to those nonlinear Kähler sigma-models which are inert under duality rotations.

While the considerations in [8, 9, 14] were given mainly in terms of superspace and superfields, here we would like to subject to scrutiny the component structure of self-dual supersymmetric systems. This turns out to involve two rather nontrivial aspects.

For general supergravity-matter systems with at most two derivatives at the component level [21, 22], the traditional approach (reviewed in [19]) of obtaining canonically normalized component actions consists of two steps: (i) a plain reduction from superfields to components; (ii) the application of a field-dependent Weyl and local chiral transformation (accompanied by a gravitino shift). Now, as we turn to nonlinear supersymmetric electrodynamics, a generic term in the component action may involve any number of derivatives — already the purely electromagnetic part of the lagrangian, L(F ), is a nonlinear function of the field strength. For such supergravity-matter systems, the traditional approach can be argued to become impractical and cumbersome (as regards the component tensor calculus employed in [21, 22], it has never been extended, to the best of our knowledge, to the case of the supersymmetric theories we are going to study below, therefore the superspace approach is the only formalism at our disposal). There exist two alternatives [23, 24] to the traditional approach of component reduction [19] that were originally developed for the systems scrutinized in [21, 22] or slightly more generals ones, but remain equally powerful in a more general setting. We prefer to follow the Kugo-Uehara approach [23] that conceptually originates in [25] and is quite natural in the framework of the Siegel-Gates

– 2 – formulation of superfield supergravity [26]. The idea is to follow the pattern of the Weyl invariant extension of Einstein gravity,

S[g] = 1 2κ^2 � d^4x √ −g R −→ S[g, φ] = 3 κ^2 � d^4x √ −g � g^{mn} ∂_mφ∂_nφ + 1 6 R φ^2 � , and extend any supergravity-matter system to a super-Weyl invariant system (in the Howe- Tucker sense [27]) by introducing a compensating covariantly chiral scalar superfield Σ (in addition to the supergravity chiral compensator [26]). When reducing to components, canonically normalized component actions are obtained simply by imposing a suitable super-Weyl gauge condition to effectively eliminate Σ.

In the present paper, we implement the component reduction scheme of [23] to derive the bosonic action of self-dual supersymmetric nonlinear electrodynamics coupled to the dilaton-axion chiral multiplet and a Kähler sigma-model. As concerns the fermionic sector, the situation is highly nontrivial even in the globally supersymmetric case. The point is that the fermionic action contains higher derivative terms that seem to be removable in the presence of supergravity fields. In the globally supersymmetric case, we explicitly construct a nonlinear field redefinition which eliminates all the higher derivative terms and brings the fermionic action to a one-parameter deformation of the Akulov-Volkov action for the Goldstino [28, 29]. The Akulov-Volkov action emerges, in particular, in the case of the N = 1 supersymmetric Born-Infeld action.

This paper is organized as follows. In section 2 we review, following [20], the procedure of reducing locally supersymmetric actions from superfields to components. In section 3 we then spell out the Kugo-Uehara scheme [23] on the example of a nonlinear Kähler sigma-model coupled to supergravity. Section 4 is devoted to the derivation of the bosonic action of self-dual supersymmetric nonlinear electrodynamics coupled to the dilaton-axion chiral multiplet and a Kähler sigma-model. Different aspects of the fermionic dynamics in the globally supersymmetric case are analyzed in sections 5 and 6. A discussion of the results obtained and future perspectives is given in section 7. Some nuances of the Akulov- Volkov (AV) action are presented in appendix A. In particular, we demonstrate that all the terms of eighth order in the AV action completely cancel. Finally, appendix B is devoted to an alternative realization of old minimal supergravity that has not been discussed in textbooks [18 – 20].

2. From superfield supergravity to components

Here we recall salient points of the old minimal [15, 16] and the new minimal [17] formulations of N = 1 supergravity (see [18 – 20] for more details), and also review, following [20], the procedure of reducing locally supersymmetric actions from superfields to components.

2.1 Old minimal supergravity We follow the notation^1 and N = 1 supergravity conventions of [20]. Unless otherwise stated we work with the old minimal formulation of N = 1 supergravity. The superspace

1In particular, z^M = (x^m, θ^μ , θ̄μ̇ ) are the coordinates of N = 1 curved superspace, d^8z = d^4x d^2θ d^2θ̄ is the full flat superspace measure, and d^6z = d^4x d^2θ is the measure in the chiral subspace.

– 3 – geometry is described by covariant derivatives [15]

D_A = (D_a, D_α , D̄^{α̇} ) = E_A + Ω_A ,

E_A = E_A^M (z)∂_M , Ω_A = 1 2 Ω_A^{bc}(z)M_{bc} = Ω_A^{βγ} (z)M_{βγ} + Ω_A^{β̇γ̇} (z)M̄_{β̇γ̇} , (2.1)

with E^M_A the vielbein, Ω_A the Lorentz connection and M_{bc} ⇔ (M_{βγ} , M̄_{β̇γ̇} ) the Lorentz generators. The covariant derivatives obey the following algebra [15]:

{D_α , D̄_{α̇} } = −2iD_{αα̇} , {D_α , D_β } = −4 R̄M_{αβ} , {D̄_{α̇} , D̄_{β̇} } = −4R M̄_{α̇ β̇} , � D̄_{α̇} , D_{β β̇} � = −iε_{α̇ β̇} � R D_β + G_β^{γ̇}D̄_{γ̇} − ( D̄^{γ̇} G_β^{δ̇})M̄_{γ̇δ̇} + 2W_β^{γδ}M_{γδ} � − i(D_β R)M̄_{α̇ β̇} , � D_α , D_{β β̇} � = iε_{αβ} � R̄ D̄_{β̇} + G^γ_{β̇} D_γ − (D^γ G^δ_{β̇} )M_{γδ} + 2W̄_{β̇}^{γ̇δ̇}M̄_{γ̇δ̇} � + i(D̄_{β̇} R̄)M_{αβ} , (2.2)

where the tensors R, G_a = Ḡ_a and W_{αβγ} = W_{(αβγ)} satisfy the Bianchi identities

D̄_{α̇} R = D̄_{α̇} W_{αβγ} = 0 , D̄^{γ̇} G_{αγ̇} = D_α R , D^γ W_{αβγ} = i D_{(α}^{γ̇} G_{β)γ̇} . (2.3)

Modulo purely gauge degrees of freedom, all geometric objects — the vielbein and the connection — can be expressed [26] in terms of three unconstrained superfields (known as the prepotentials of old minimal supergravity): gravitational superfield H^m = H̄^m, chiral compensator φ (Ē_{α̇} φ = 0) and its conjugate φ̄. The old minimal supergravity action [15] is

S_{SG,old} = −3 � d^8z E^{−1} , E = Ber(E_A^M ) , (2.4)

with the gravitational coupling constant being set equal to one.

2.2 New minimal supergravity We will also deal with the new minimal formulation of supergravity [17]. This can be treated (see [20] for a review) as a super-Weyl invariant dynamical system that couples old minimal supergravity to the improved tensor multiplet [30] described by a real covariantly linear scalar superfield L [31],

(D̄^2 − 4R) L = (D^2 − 4 R̄) L = 0 . (2.5)

Super-Weyl transformations, originally introduced in [27], are simply local rescalings of the chiral compensator in old minimal supergravity [26] (see also [18, 20]),

φ → e^σ φ , (2.6)

with σ(z) an arbitrary covariantly chiral scalar parameter, D̄_{α̇} σ = 0. In terms of the covariant derivatives, the transformation^2 is

D_α → e^{σ/2−σ̄} � D_α − (D^β σ) M_{αβ} � , D̄_{α̇} → e^{σ̄/2−σ} � D̄_{α̇} − ( D̄^{β̇}σ̄) M̄_{β̇α̇} � . (2.7)

2Under (2.7), the full superspace measure changes as d^8z E^{−1} → d^8z E^{−1} exp(σ +σ̄), while the chiral superspace measure transforms as d^8z E^{−1} /R → d^8z (E^{−1} /R) exp(3σ).

– 4 –

Since (D^2 − 4 R̄) → e^{−2σ̄} (D^2 − 4 R̄) e^σ (2.8) when acting on a scalar superfield, it is clear that the super-Weyl transformation law of L is uniquely fixed to be L → e^{−σ−σ̄} L . (2.9) In superspace, the new minimal supergravity action is [32]

S_{SG,new} = 3 � d^8z E^{−1} L lnL . (2.10)

Any system of matter superfields Ψ coupled to new minimal supergravity can be treated as a super-Weyl invariant coupling of old minimal supergravity to the matter superfields Ψ and L [33].

Old minimal and new minimal supergravities are dual to each other. One can show this by considering the “first-order” action [32]

S = 3 � d^8z E^{−1} (U L − e^U ) , (2.11)

where U(z) is an arbitrary real scalar superfield. For (2.11) to be super-Weyl invariant, U must transform under super-Weyl transformations as

U → U − σ −σ̄ . (2.12)

Solving for the equation of motion of U, we regain the new minimal supergravity action (2.10). On the other hand, the solution to the equation of motion for L requires that U be the sum of a covariantly chiral scalar superfield and its conjugate,

U = lnΣ + ln Σ̄ , D̄_{α̇} Σ = 0 . (2.13)

The action (2.11) then becomes

S̃_{SG,old} = −3 � d^8z E^{−1} Σ̄ Σ , (2.14)

where Σ has, in accordance with (2.12), the following super-Weyl transformation

Σ → e^{−σ} Σ . (2.15)

An alternative realization of this dynamical system is given in appendix B.

The action (2.14) is the super-Weyl invariant extension of the old minimal supergravity action (2.4). The latter may be recovered by using the super-Weyl gauge freedom to impose the gauge condition Σ = 1. In what follows, we prefer to use (2.14). Any dynamical system of matter superfields Ψ coupled to old minimal supergravity can be promoted to a a super- Weyl invariant system [25, 23] if the chiral compensator φ [26] is replaced by the super-Weyl invariant combination φ → φ Σ . (2.16) This is equivalent to applying the super-Weyl transformation (2.7) with σ = Σ (which may be accompanied by a super-Weyl transformation of the matter superfields).

– 5 –

2.3 Components in old minimal supergravity

The old minimal supergravity multiplet {e_a^m, Ψ_a^β , Ψ̄_{aβ̇} , A_a, B, B̄} comprises the (inverse) vierbein e_a^m, the gravitino Ψ_a = (Ψ_a^β , Ψ̄_{aβ̇} ), and the auxiliary fields^3 A_a, B and B̄ [16]. Within the framework of superfield supergravity [15], these component fields naturally appear in a Wess-Zumino gauge [34] (see [18 – 20] for reviews). Here we use the Wess- Zumino gauge chosen in [20].

We define superfields’ component fields by space projection and covariant differentiation. For a superfield V (z), the former is the zeroth order term in the power series expansion in θ and θ̄ V | = V (x, θ = 0, θ̄ = 0) . (2.17)

The space projection of the vector covariant derivatives are

D_a| = ∇_a − 1 3 ε_{abcd} A^dM^{bc} + 1 2 Ψ_a^β D_β | + 1 2 Ψ̄_{aβ̇} D̄^{β̇} | , (2.18)

where we have introduced the spacetime covariant derivatives, ∇_a = e_a +^1_2 ω_{abc}M^{bc}, with ω_{abc} = ω_{abc}(e, Ψ) the connection and e_a = e_a^m∂_m. The explicit expressions for the projections D_α | and D̄^{α̇} | can be found in [20]. The spacetime covariant derivatives obey the following algebra [∇_a, ∇_b] = T_{ab}^c ∇_c + 1 2 R_{abcd}M^{cd} , (2.19)

where R_{abcd} is the curvature tensor and T_{abc} is the torsion. The torsion is related to the gravitino by T_{abc} = − i 2 (Ψ_aσ_cΨ̄_b − Ψ_bσ_cΨ̄_a) . (2.20)

Additionally we can write the connection in terms of the supergravity fields as

ω_{abc} = ω_{abc}(e) − 1 2 (T_{bca} + T_{acb} − T_{abc}) , ω_{abc}(e) = 1 2 (C_{bca} + C_{acb} − C_{abc}) , (2.21)

where C_{abc} are the anholonomy coefficients,

[e_a, e_b] = C_{ab}^ce_c , C_{ab}^c = ((e_ae_b^m) − (e_be_a^m)) e_m^c . (2.22)

The supergravity auxiliary fields occur as follows [34]

R| = 1 3 B , G_a| = 4 3 A_a . (2.23)

One also has

D_α R| = − 2 3 (σ^{bc}Ψ_{bc})_α − 2i 3 A^bΨ_{bα} + i 3 B̄(σ^bΨ̄_b)_α ,

D̄_{(α̇} G^β_{β̇)} | = −2Ψ_{α̇ β̇,}^β + i 3 B̄Ψ̄^β_{(α̇, β̇)} − 2i(σ̃^{ab})_{α̇ β̇} Ψ_a^β A_b + 2i 3 Ψ_{α(α̇,}^α A_{β̇)}^β ,

W_{αβγ} | = Ψ_{(αβ,γ)} − i(σ_{ab})_{(αβ} Ψ^a_{γ)}A^b , (2.24)

3These auxiliary fields are denoted as Aa, B and B̄ in [20].

– 6 – and D̄^2R̄| = 2 3 � R + i 2 ε^{abcd} R_{abcd} � + 16 9 A^aA_a + 4 9 ϵ^{abcd}T_{abc}A_d − 8i 3 (∇_aA^a) + 8i 9 T_{ab}^bA^a + + 8 9 BB̄ + 4 9 B(Ψ_aσ^{ab}Ψ_b) + iD̄_{α̇} R̄|(σ̃^aΨ_a)^{α̇} + 2i 3 Ψ^{αα̇,β} D_{(α} G_{β)α̇} | , (2.25)

where

Ψ_{ab}^γ = ∇_aΨ_b^γ − ∇_bΨ_a^γ − T_{ab}^cΨ_c^γ ,

Ψ_{αβ,}^γ = 1 2 (σ^{ab})_{αβ} Ψ_{ab}^γ , Ψ_{α̇ β̇,}^γ = − 1 2 (σ̃^{ab})_{α̇ β̇} Ψ_{ab}^γ . (2.26)

With these objects and the covariant derivative algebra, (2.2) the method to obtain the component action is as follows.

Since � d^8z E^{−1} L = − 1 4 � d^8z

E^{−1} R (D̄^2 − 4R)L , (2.27)

modulo a total derivative, it is sufficient to work with chiral actions involving a chiral scalar lagrangian L_c, D̄_{α̇} L_c = 0. Such a chiral action generates the following component action [20] � d^8z

E^{−1} R L_c = � d^4x e^{−1} � − 1 4 D^2L_c| − i 2 (Ψ̄^bσ̃_b)^α D_α L_c| + (B + Ψ̄^aσ̃_{ab}Ψ̄^b) L_c| � , e = det(e_a^m) . (2.28)

The component action for old minimal supergravity, eq. (2.4), is [16]

S_{SG,old} = � d^4x e^{−1} � 1 2 R + 4 3 A^aA_a − 1 3 B̄B + 1 4 ε^{abcd}(Ψ̄_aσ̃_bΨ_{cd} − Ψ_aσ_bΨ̄_{cd}) � , (2.29)

see [19, 20] for reviews.

3. Kähler sigma-models in supergravity

To illustrate the Kugo-Uehara approach to component reduction [23], we consider a nonlinear Kähler sigma-model coupled to supergravity.

3.1 Superfield formulations

Kähler sigma-models are most easily described within the framework of new minimal supergravity [33] (see [20] for a review). Given a Kähler manifold parametrized by n complex coordinates ϕ^i and their conjugates ϕ̄^i, with K(ϕ, ϕ̄) the Kähler potential, the corresponding supergravity-matter action is

S = 3 � d^8z E^{−1} L lnL + � d^8z E^{−1} L K(ϕ, ϕ̄) . (3.1)

– 7 –

The dynamical variables ϕ are covariantly chiral scalar superfields, D̄_{α̇} ϕ = 0, being inert with respect to the super-Weyl transformations. The action is obviously super-Weyl invariant. Due to (2.27), it is also invariant under the Kähler transformations

K(ϕ, ϕ̄) → K(ϕ, ϕ̄) + λ(ϕ) + λ̄(ϕ̄) , (3.2)

with λ(ϕ) an arbitrary holomorphic function.

To reformulate the dynamics within the framework of old minimal supergravity, let us introduce the auxiliary action

S = 3 � d^8z E^{−1} (U L − Υ) , (3.3)

where Υ = exp � U − 1 3 K(ϕ, ϕ̄) � , (3.4)

and U is an arbitrary real scalar superfield. For the action (3.3) to be super-Weyl invariant U must transform by the law (2.12) under transformations (2.7). To preserve Kähler invariance (3.2), the Kähler transformation of U should be

U → U + 1 3 � λ(ϕ) + λ̄(ϕ̄) � . (3.5)

Solving the equation of motion for U, we regain the supergravity-matter action (3.1). On the other hand, the solution to the equation of motion for L requires that U be the sum of a covariantly chiral scalar superfield and its conjugate, as given by (2.13). The Kähler sigma-model then reads

S_{Kahler} = −3 � d^8z E^{−1} Σ̄ Σ exp � − 1 3 K(ϕ, ϕ̄) � = −3 � d^8z E^{−1} Υ̃ , (3.6)

where Υ is as defined in (3.4) but with U given by the solution (2.13)

Υ̃ = Σ Σ̄ exp � − 1 3 K(ϕ, ϕ̄) � . (3.7)

Super-Weyl transformations of Σ are given by (2.15), whereas under the Kähler transformations (3.2) we have Σ → e^{λ(ϕ)/3} Σ . (3.8)

3.2 Component action of Kähler sigma-model To determine the component structure of (3.6), the approach of [23] requires that a particular super-Weyl gauge choice be made such that the Einstein and Rarita-Schwinger terms in the component action come out in canonical form.

We define^4 the component fields of the chiral scalar superfields ϕ^i by

ϕ^i| = Y^i , D_α ϕ^i| = χ^i_α , − 1 4 D^2ϕ^i| = F^i + 1 4 Γ^i_{jk} χ^jχ^k , (3.9)

4With such a definition, both χ^i and F^i transform as tangent vectors under arbitrary holomorphic reparametrizations, Y^i → f^i(Y ), of the Kähler manifold with Kähler potential K(Y, Ȳ ).

– 8 – where we have introduced the Christoffel symbols Γ^i_{jk} of the Kähler manifold defined by Kähler potential K(Y, Ȳ ). The metric of the Kähler manifold is

g_{ii} = g_{ii} =

∂^2K(Y, Ȳ ) ∂Y^i∂Ȳ^i

≡ K_{ii} , (3.10)

where the subscript i (i) on K denotes differentiation with respect to Y^i (Ȳ^i). Similarly, we can write expressions for the Christoffel symbols and the curvature on the Kähler manifold

Γ^i_{jk} = g^{ii}K_{jki} , Γ^i_{jk} = g^{ii}K_{ijk} , R_{ijij} = K_{ijij} − g^{kk}K_{ijk}K_{kij} , (3.11)

where the matrix elements g^{ii} = g^{ii} correspond to the inverse Kähler metric, g^{ij} g_{jk} = δ^i_k.

Applying the reduction formula (2.28) to the Kähler sigma model (3.6) we obtain

S_{Kahler} = −3 � d^4x e^{−1} � − 1 4 D^2R| − i 2 (Ψ̄^aσ̃_a)^α D_α R| + (B + Ψ̄^aσ̃_{ab}Ψ̄^b)R| � Υ̃| − − 1 2 D^α R|D_α Υ̃| − 1 4 R|D^2Υ̃| − i 2 (Ψ̄^aσ̃_a)^α R|D_α Υ̃| − (3.12) − 1 16 D^2D̄^2Υ̃| + i 8 (Ψ̄^aσ̃_a)^α D_α D̄^2Υ̃| − 1 4 (B + Ψ̄^aσ̃_{ab}Ψ̄^b)D̄^2Υ̃| � . The first line of (3.12) reduces to the supergravity action (2.29) if we make a super-Weyl gauge choice such that Υ̃| = 1. This can be done by setting

Σ| = e^{K(Y,Ȳ )/6} . (3.13)

We have now eliminated the need to perform a Weyl rescaling on the component action. Further specification of the components of Σ can be used to remove the need for the chiral rotation (and gravitino shift). We accomplish this with the following choices

D_α Σ| = 1 3 χ^i_α K_i e^{K(Y,Ȳ )/6} , − 1 4 D^2Σ| = � 1 3 F^iK_i − 1 12 χ^iχ^j(K_{ij} − Γ^k_{ij} K_k + 1 3 K_iK_j ) � e^{K(Y,Ȳ )/6} . (3.14)

Such a choice implies that D_α Υ̃| = D^2Υ̃| = 0, and thus the second line of (3.12) vanishes. The action reduces to

S_{Kahler} = S_{SG,old} − 3 � d^4x e^{−1} � − 1 16 D^2D̄^2Υ̃| + i 8 (Ψ̄^aσ̃_a)^α D_α D̄^2Υ̃| � . (3.15)

We are now in a position to write down the component action for supergravity coupled to a Kähler sigma model. This result, which is in agreement with the original considerations [21, 22] (see [19] for a review), is

S_{Kahler} = � d^4x e^{−1} � 1 2 R + 4 3 A^aA_a − 1 3 B̄B + 1 4 ε^{abcd}(Ψ̄_aσ̃_bΨ̂_{cd} − Ψ_aσ_b ^̄Ψ_{cd}) −

– 9 –

− g_{ii} � ∇^aY^i ∇_aȲ^i + i 4 (χ^iσ^a ↔ ^∇_a χ̄^i) − F^iF̄^i − − 1 2 (Ψ_aσ^bσ̃^aχ^i)(∇_bȲ^i) − 1 2 (Ψ̄_aσ̃^bσ^aχ̄^i)(∇_bY^i) − (3.16) − 1 8 (Ψ^aσ_bΨ̄_a)(χ^iσ^bχ̄^i) − i 8 ε^{abcd}(Ψ_aσ_bΨ̄_c)(χ^iσ_dχ̄^i) � + + 1 16 χ^iχ^jχ̄^iχ̄^j � R_{ijij} − 1 2 g_{ii}g_{jj} � , where

Ψ̂_{ab}^γ = ^∇_aΨ_b^γ − ^∇_bΨ_a^γ − T_{ab}^cΨ_c^γ ,

^∇_aΨ_b^γ = ∇_aΨ_b^γ + 1 4 � K_i ∇_aY^i − K_i ∇_aȲ^i � Ψ_b^γ ,

^∇_aχ^i_γ = ∇_aχ^i_γ − 1 4 � K_j ∇_aY^j − K_j ∇_aȲ^j � χ^i_γ + Γ^i_{jk}(∇_aY^j )χ^k_γ . (3.17)

In order to to diagonalize in the auxiliary field sector we have made the redefinition

A_a = A_a − i 4 � K_i ∇_aY^i − K_i ∇_aȲ^i � − 1 16 g_{ii}(χ^iσ_aχ̄^i) , (3.18)

so that the auxiliary fields A_a, B and F^i vanish on the mass shell.

4. Self-dual electrodynamics in supergravity

We are finally prepared to study supersymmetric nonlinear electrodynamics.

4.1 Family of self-dual models In [14] we constructed a family of self-dual models for the abelian vector multiplet in curved superspace with actions of the general form

S[W, W̄ ] = 1 4 � d^8z

E^{−1} R W^2 + 1 4 � d^8z

E^{−1} R̄ W̄^2 + 1 4 � d^8z E^{−1} W^2 W̄^2 Λ(ω,ω̄) , (4.1)

where Λ(ω,ω̄) is a real analytic function of the complex variable ω ≡ 1 8 (D^2 − 4 R̄) W^2 . (4.2)

Here W̄_{α̇} and W_α are covariantly (anti) chiral superfield strengths,

W_α = − 1 4 (D̄^2 − 4R)D_α V , W̄_{α̇} = − 1 4 (D^2 − 4 R̄)D̄_{α̇} V , (4.3)

defined in terms of a real unconstrained prepotential V . The theory (4.1) is self-dual if the interaction Λ(ω,ω̄) satisfies the following differential equation Im � Γ −ω̄ Γ^2 � = 0 , Γ =

∂(ω Λ) ∂ω . (4.4)

The self-dual dynamical systems described are a curved-superspace generalization of the globally supersymmetric systems introduced in [8, 9].

– 10 –

To obtain a super-Weyl invariant extension of (4.1), we first note that V is inert under the super-Weyl transformation (2.7), and therefore the chiral strength W_α transforms as follows W_α → e^{−3σ/2} W_α . (4.5)

Now, implementing the substitution (2.16) in S[W, W̄ ], with the aid of (2.8), we then obtain the super-Weyl invariant action

S[W, W̄ , Σ, Σ̄] = S[W, W̄ , Σ Σ̄] , (4.6)

where

S[W, W̄ , Υ] = 1 4 � d^8z

E^{−1} R W^2 + 1 4 � d^8z

E^{−1} R̄ W̄^2 + 1 4 � d^8z E^{−1}

W^2 W̄^2 Υ^2 Λ � ω Υ^2 , ω̄ Υ^2 � . (4.7)

4.2 Coupling to Kähler sigma-models

In the presence of a nonlinear Kähler sigma-model, the simplest approach to obtain a super- Weyl and Kähler invariant formulation of dynamics is to proceed within the framework of new minimal supergravity. Consider the supergravity-matter system described by the action [14]

S[W, W̄ , ϕ, ϕ̄, L] = 3 � d^8z E^{−1} L lnL + � d^8z E^{−1} L K(ϕ, ϕ̄) + S[W, W̄ , L] , (4.8)

where S[W, W̄ , L] is obtained from (4.7) by replacing Υ → L. This theory possesses several important symmetries: (i) super-Weyl invariance; (ii) Kähler invariance; (iii) duality invariance.

To uncover the description of this theory in the framework of old minimal supergravity, let us replace the action (4.8) by the following auxiliary action

S[W, W̄ , ϕ, ϕ̄, L, U] = 3 � d^8z E^{−1} (U L − Υ) + S[W, W̄ , Υ] , (4.9)

where Υ = exp � U − 1 3 K(ϕ, ϕ̄) � . (4.10)

Here the additional dynamical variable U is an unconstrained real scalar superfield. Varying U brings us back to (4.8). On the other hand, the equation of motion for L implies that U takes the form (2.13). We thus end up with the action

S[W, W̄ , ϕ, ϕ̄, Σ, Σ̄] = −3 � d^8z E^{−1} Υ̃ + S[W, W̄ , Υ̃] ,

Υ̃ = Σ Σ̄ exp � − 1 3 K(ϕ, ϕ̄) � . (4.11)

– 11 –

4.3 Coupling to the dilaton-axion multiplet

As demonstrated in [14], the supergravity-matter system (4.11) enjoys invariance under electromagnetic duality rotations which do not act on the supergravity prepotentials and sigma-model fields. The duality group can be shown to be U(1). Building on the ideas developed, in particular, in [3, 4, 9], one can enhance the duality group to SL(2, R) by coupling the vector multiplet in (4.11) to the dilaton-axion multiplet that transforms under duality rotations. The dilaton-axion complex is described by a covariantly chiral scalar superfield, Φ, and takes its values in the Kähler manifold SL(2, R)/U(1). This program was explicitly realized in [14]. The super-Weyl invariant extension of the action given in [14] is

S = −3 � d^8z E^{−1} Υ̃ + i 4 � d^8z

E^{−1} R Φ W^2 − i 4 � d^8z

E^{−1} R̄ Φ̄ W̄^2 − − 1 16 � d^8z E^{−1} (Φ − Φ̄)^2

W^2 W̄^2 Υ̃ 2 Λ � i 2 (Φ − Φ̄) ω Υ̃ 2 , i 2 (Φ − Φ̄) ω̄ Υ̃ 2 � , (4.12)

where Υ̃ = Σ Σ̄ exp � − 1 3 K(Φ, Φ̄) − 1 3 K(ϕ, ϕ̄) � . (4.13)

Here K(Φ, Φ̄) denotes the Kähler potential of the manifold SL(2, R)/U(1). It has the form

K(Φ, Φ̄) = −ln i 2 (Φ − Φ̄) . (4.14)

The action (4.11) follows from (4.12) by setting Φ = −i.

Now, it is our aim to analyze the component structure of the theory with action (4.12).

4.4 Component reduction

We proceed by introducing the component fields of the vector multiplet

W_α | = ψ_α , − 1 2 D^α W_α | = D , D_{(α} W_{β)} | = 2iF̂_{αβ} = i(σ^{ab})_{αβ} F̂_{ab} , (4.15)

where

F̂_{ab} = F_{ab} − 1 2 (Ψ_aσ_bψ̄ + ψσ_bΨ̄_a) + 1 2 (Ψ_bσ_aψ̄ + ψσ_aΨ̄_b) , F_{ab} = ∇_aV_b − ∇_bV_a − T_{ab}^cV_c , (4.16)

with V_a = e_a^m(x) V_m(x) the gauge one-form.

Similarly to our definition (3.9) of the component fields � Y^i, χ^i_α , F^i � of the scalar superfield ϕ^i, we introduce the component fields {Y, η_α , F} of the dilaton-axion multiplet Φ. The dilaton^5 φ and axion a fields are related to the superfield Φ by

Φ| = Y = a − i e^{−φ} . (4.17)

5We have used the same Greek letter φ to denote the chiral prepotential and the dilaton. Only the latter occurs in the remainder of this paper.

– 12 –

Applying the reduction rule (2.28) to the action (4.12) we obtain

S = S_V − 3 � d^4x e^{−1} � − 1 4 D^2R| − i 2 (Ψ̄^aσ̄_a)^α D_α R| + (B + Ψ̄^aσ̃_{ab}Ψ̄^b)R| � Ω| − − 1 2 D^α R|D_α Ω| − 1 4 R|D^2Ω| − i 2 (Ψ̄^aσ̃_a)^α D_α Ω| + (4.18) + 1 16 D^2D̄^2Ω| + i 8 (Ψ̄^aσ̃_a)^α D_α D̄^2Ω| − 1 4 (B + Ψ̄^aσ̃_{ab}Ψ̄^b)D̄^2Ω| � , where Ω = Υ̃ + 1 48 (Φ − Φ̄)^2

W^2W̄^2 Υ̃ 2 Λ � i 2 (Φ − Φ̄) ω Υ̃ 2 , i 2 (Φ − Φ̄) ω̄ Υ̃ 2 � , (4.19)

and we have separated out the following part of the action:

S_V = i 4 � d^8z

E^{−1} R Φ W^2 − i 4 � d^8z

E^{−1} R̄ Φ̄ W̄^2 . (4.20)

Since S_V does not couple to Σ and Σ̄, its component form is independent of the super-Weyl gauge choice. It is therefore straightforward to evaluate the component structure of this part of the action

S_V = � d^4x e^{−1} � − 1 4 e^{−φ} F^{ab}F_{ab} + 1 4 a F^{ab}F̃_{ab} − 1 2 (ψσ^bψ̄)∇_ba − i 2 e^{−φ} (ψσ^a∇_aψ̄) + + 1 2 e^{−φ} F^{ab}(Ψ_aσ_bψ̄ + ψσ_bΨ̄_a) + i 2 e^{−φ} F̃^{ab}(Ψ_aσ_bψ̄ − ψσ_bΨ̄_a) + + 1 4 F^{ab}(ησ_{ab}ψ +η̄σ̃_{ab}ψ̄) + + 1 4 � e^{−φ} (η^{ac}η^{bd} − η^{ad}η^{bc}) + a ϵ^{abcd} � (Ψ_aσ_bψ̄)(ψσ_cΨ̄_d) + + 1 16 e^{−φ} � (3Ψ̄^aΨ̄_a − 2 Ψ̄^aσ̃_{ab}Ψ̄^b)ψ^2 + (3Ψ^aΨ_a − 2Ψ^aσ_{ab}Ψ^b)ψ̄^2 � − − 1 8 (Ψ_aσ_bψ̄)(ησ^{ab}ψ) − 1 8 (Ψ̄_aσ̃_bψ)(η̄σ̃^{ab}ψ̄) − 1 32 ψ^2(ησ^aΨ̄_a) + + 1 32 ψ̄^2(Ψ_aσ^aη̄) + 1 16 e^φ (η^2ψ^2 +η̄^2ψ̄^2) + 1 2 (ψσ^aψ̄)T_{ab}^b − (4.21) − i 4 (ηψ −η̄ ψ̄)D + 1 2 e^{−φ} D^2 − e^{−φ} (ψσ^aψ̄)A_a + i 4 (Fψ^2 − F̄ψ̄^2) � , where we have used the explicit form of the Kähler potential (4.14). This result is in agreement with [24].

Looking at the first line of (4.18) we notice that if a super-Weyl gauge choice is made such that Ω| = 1 then this will reduce to the supergravity action (2.29), and not require a Weyl rescaling. To achieve this, we make the choice

Σ| = exp � 1 6 K(Y, Ȳ ) + 1 6 K(Y, Ȳ) + 1 24 e^{−2φ} ψ^2ψ̄^2Λ � e^{−φ} ω| , e^{−φ} ω̄| � � . (4.22)

A number of options are available for the gauge choice for the other components of Σ. If the following gauge choices are made

D_α Σ| = 1 3 � χ^i_α K_i − i 2 e^φη_α � Σ| ,

– 13 –

− 1 4 D^2Σ| = 1 3 � F^iK_i − 1 4 χ^iχ^j (K_{ij} − Γ^k_{ij}K_k + 1 3 K_iK_j ) − − i 2 e^φF − 1 24 e^{2φ} η^2 + i 12 e^φ ηχ^iK_i � Σ| , (4.23)

then D_α Υ̃| = D^2Υ̃| = 0, and the action (4.18) simplifies greatly.

The complete component action turns out to be extremely complicated as far as the fermionic sector is concerned. The fermionic sector will be studied in the flat-space case in sections 5 and 6. Here we only focus on the bosonic sector.

S_{bosonic} = � d^4x e^{−1} � 1 2 R − g_{ii} ∇^aY^i ∇_aȲ^i − 1 4 � e^{2φ} (∇a)^2 + (∇φ)^2 � − − 1 4 e^{−φ} F^{ab}F_{ab} + 1 4 a F^{ab}F̃_{ab} + e^{−2φ} ww̄ Λ � e^{−φ} w , e^{−φ} w̄ � + + 4 3 A^aA_a − 1 3 BB̄ + 1 2 e^{−φ} D^2 + g_{ii} F^iF̄^i + 1 4 e^{2φ} FF̄ � , (4.24)

where

w = F^{αβ} F_{αβ} − 1 2 D^2 , w̄ = F̄^{α̇ β̇} F̄_{α̇ β̇} − 1 2 D^2 ,

A_a = A_a − i 4 � K_i ∇_aY^i − K_i ∇_aȲ^i � − 1 4 e^φ ∇_aa , (4.25)

and R and F_{ab} are as defined respectively in (2.19) and (4.16), but with torsion set to zero.

As a special representative in the family of self-dual actions (4.1)–(4.4), we would like to consider the supersymmetric Born-Infeld action. In this case the function Λ(ω,ω̄) takes the form

Λ(ω,ω̄) = κ^2 1 +^1_2 A + � 1 + A +^1_4 B^2 , A = κ^2(ω +ω̄) , B = κ^2(ω −ω̄) . (4.26)

After eliminating the auxiliary fields, the bosonic action (4.24) becomes S = � d^4x e^{−1} � 1 2 R − g_{ii} ∇^aY^i ∇_aȲ^i − 1 4 � e^{2φ} (∇a)^2 + (∇φ)^2 � + + 1 κ^2 � 1 − � −det(η_{ab} + κ e^{−φ/2} F_{ab}) � + 1 4 a F^{ab}F̃_{ab} � . (4.27)

5. Photino dynamics in flat space

Our discussion of the fermionic dynamics in N = 1 supersymmetric nonlinear electrodynamics will be restricted to the case of flat global superspace. Here the action takes the form S[W, W̄ ] = 1 4 � d^6z W^2 + 1 4 � d^6z̄ W̄^2 + 1 4 � d^8z W^2 W̄^2 Λ(ω,ω̄) , (5.1)

– 14 – where ω ≡ 1 8 D^2W^2 . (5.2)

If Λ(ω,ω̄) is a solution of the equation (4.4), then the above action obeys the self-duality equation [8, 9, 14] Im � d^6z � W^2 + M^2 � = 0 , i 2 M_α = δ δW^α

S[W, W̄ ] . (5.3)

The action (5.1) can be seen to be invariant under a discrete chiral transformation

W_α (x, θ) −→ W_α (x, −θ) , (5.4)

which leaves the fermionic fields invariant,

ψ_α (x) = W_α | −→ ψ_α (x) , (5.5)

whilst changing the bosonic fields as follows:

F_{αβ} (x) = 1 2i D_{(α} W_{β)} | −→ −F_{αβ} (x) , D(x) = − 1 2 D^α W_α | −→ −D(x) (5.6)

This symmetry implies that the component action contains only even powers of the bosonic fields. It is therefore consistent, when discussing the component structure, to restrict our attention to the purely fermionic sector specified by

D_α W_β | = 0 . (5.7)

Let S[ψ, ψ̄] be the fermionic action that follows from (5.1) upon switching off all the bosonic fields. It turns out that S[ψ, ψ̄] obeys a functional equation which is induced by the selfduality (5.3).

The self-duality equation (5.3) must hold for an arbitrary chiral spinor W_α (z) and its conjugate W̄_{α̇} (z). This means that the spinors W_α and W̄_{α̇} are chosen in (5.3) to satisfy only the chirality constraints D̄_{α̇} W_α = 0 and D_α W̄_{α̇} = 0, but not the Bianchi identity

D^α W_α = D̄_{α̇} W̄^{α̇} . (5.8)

Thus W_α now contains two independent fermionic components

ψ_α (x) = W_α | , ρ_α (x) = − 1 4 D^2W_α | . (5.9)

Let Ŝ ≡ S[ψ, ψ̄, ρ,ρ̄] be the component action that follows from (5.1) upon relaxing the Bianchi identity and restricting to the fermionic sector (5.7). Then, the self-duality equation (5.3) reduces to Im � d^4x � ψ^α ρ_α + 4 δŜ δψ^α δŜ δρ_α � = 0 . (5.10)

The genuine fermionic action, S[ψ, ψ̄], is obtained from the self-dual action Ŝ by imposing the “fermionic Bianchi identities” ρ_α = −i (σ^b∂_bψ̄)_α and ρ̄_{α̇} = i (∂_bψσ^b)_{α̇} ,

S[ψ, ψ̄] = S[ψ, ψ̄, ρ,ρ̄] � � ρ=−i (σ^b∂_bψ̄)

. (5.11)

– 15 –

A short calculation leads to the fermionic action

S[ψ, ψ̄] = � d^4x � − 1 2 ⟨u +ū⟩ + � ⟨u⟩⟨ū⟩ − 1 4 (∂^aψ^2)(∂_aψ̄^2) � Λ(0, 0)+ + � ⟨u⟩^2⟨ū⟩ + 1 2 (ψ̄^2□ψ^2) � Λ_ω(0, 0) + � ⟨u⟩⟨ū⟩^2 + 1 2 (ψ^2□ ψ̄^2) � Λ_{ω̄} (0, 0)+ + � ⟨u⟩^2⟨ū⟩^2 − 1 2 (∂^aψ^2)(∂_aψ̄^2)⟨u⟩⟨ū⟩ + 1 16 ψ^2ψ̄^2(□ψ^2)(□ ψ̄^2) � Λ_{ωω̄} (0, 0)+ + 3 8 (ψ̄^2□ψ^2)⟨u⟩^2 Λ_{ωω}(0, 0) + 3 8 (ψ^2□ ψ̄^2)⟨ū⟩^2 Λ_{ω̄ω̄} (0, 0) � . (5.12)

Here we have introduced the following 4 × 4 matrices:

u_a^b = i ψσ^b∂_aψ̄ , ū_a^b = −i (∂_aψ)σ^bψ̄ , (5.13)

as well as made use of the useful compact notation

⟨F ⟩ ≡ tr F = F_a^a , (5.14)

for an arbitrary 4 × 4 matrix F = (F_a^b).

The fermionic action obtained involves several constant parameters associated with the function Λ(ω,ω̄) that enters the original supersymmetric action. However, not all of these parameters are independent since Λ(ω,ω̄) must be a solution to the self-duality equation (4.4). This restriction proves to imply

Λ_ω(0, 0) = Λ_{ω̄} (0, 0) = −Λ^2(0, 0) , Λ_{ωω}(0, 0) = Λ_{ω̄ω̄} (0, 0) = 2Λ^3(0, 0) . (5.15)

The self-duality equation imposes no restrictions on Λ(0, 0) and Λ_{ωω̄} (0, 0). For later convenience, we represent

Λ(0, 0) = κ^2 2 , Λ_{ωω̄} (0, 0) = κ^6 8 (μ + 3) . (5.16)

6. Relation to the Akulov-Volkov action

Looking at the fermionic action (5.12), it is hardly possible to imagine that it is related somehow to the Akulov-Volkov action (A.1), which describes Goldstino dynamics [28, 29] and which can be represented in the form

S_{AV}[λ, λ̄] = − 1 2 � d^4x � ⟨v +v̄⟩ + κ^2 2 � ⟨v⟩⟨v̄⟩ − ⟨vv̄⟩ � + + κ^4 16 � ⟨v^2v̄⟩ − ⟨v⟩⟨vv̄⟩ − 1 2 ⟨v^2⟩⟨v̄⟩ + 1 2 ⟨v⟩^2⟨v̄⟩ + c.c. � , (6.1)

see appendix A for more details. Here

v_a^b = i λσ^b∂_aλ̄ , v̄_a^b = −i (∂_aλ)σ^bλ̄ . (6.2)

– 16 –

Nevertheless, the two fermionic theories turn out to be closely related in the following sense. There exists a nonlinear field redefinition, (ψ_α , ψ̄^{α̇} ) → (λ_α , λ̄^{α̇} ), that eliminates all the higher derivative terms in (5.12) and brings this action to a one-parameter deformation of the AV action. The two theories coincide, modulo such a field redefinition, under the choice Λ_{ωω̄} (0, 0) = 3 8 κ^6 = 3Λ^3(0, 0) ⇐⇒ μ = 0 , (6.3)

which occurs, in particular, in the case of the supersymmetric Born-Infeld action [10 – 12]

S_{SBI} = 1 4 � d^6z W^2 + 1 4 � d^6z̄ W̄^2 + κ^2 4 � d^8z

W^2 W̄^2 1 +^1_2 A + � 1 + A +^1_4 B^2 ,

A = κ^2 (ω +ω̄) , B = κ^2 (ω −ω̄) , ω = 1 8 D^2W^2 . (6.4)

This section is devoted to the proof of the above statement.

We begin looking for a field redefinition by first noting that the leading order terms must match, ψ_α = λ_α + O(κ^2). Next, to third-order in fields the general form of the redefinition can be written as

ψ_α = λ_α � 1 + κ^2 2 α_1⟨v⟩ + κ^2 2 α_2⟨v̄⟩ � + iκ^2 2 α_3(σ^aλ̄)_α (∂_aλ^2) + O(κ^4) , (6.5)

where the constant coefficients α_1, α_2, α_3 can be chosen to be real. Substituting (6.5) into (5.12) gives

S[ψ, ψ̄] = − 1 2 � d^4x � ⟨v +v̄⟩ + κ^2α_1(⟨v⟩^2 + ⟨v̄⟩^2) + 2κ^2 � α_2 + α_3 − 1 2 � ⟨v⟩⟨v̄⟩ −

− 2κ^2α_3⟨vv̄⟩ − κ^2(α_3 − 1 4 )(∂^aλ^2)(∂_aλ̄^2) � + O(κ^4) . (6.6)

The requirement that the transformed action match with the AV action (6.1), uniquely fixes the coefficients α_1 = 0, α_2 =^1_2 , α_3 =^1_4 . A similar calculation at fifth-order also allows us to match the AV action to this order. However, this calculation proves to be extremely tedious, as there exist many more admissible structures that can contribute to the field redefinition under consideration. Unlike the third-order case, not all coefficients are uniquely fixed — we are left with three free parameters, β_1, β_2, β_3. At the highestorder, this is again the case, and we gain another free parameter, γ. However, at this order, even with this freedom in the redefinition, it is impossible to match the AV action unless a restriction is placed on the type of model we are investigating, i.e. we must choose a particular value for Λ_{ωω̄} (0, 0).

With the following field redefinition

ψ_α = λ_α � 1 + κ^2 4 ⟨v̄⟩ + κ^4 4 � β_1⟨v⟩⟨v̄⟩ + β_2⟨v̄⟩^2 + � 2β_3 − 1 4 � ⟨vv̄⟩ − − 1 4 ⟨v̄^2⟩ + β_3(∂^aλ^2)(∂_aλ̄^2) + 1 16 (λ̄^2□λ^2) � +

– 17 –

+ κ^6 64 � (3μ + 1 + 4(β_1 − 2β_3 − 2γ))⟨v⟩⟨v̄⟩^2 −

− 2(μ − 2β_1 − 2β_2)⟨v̄⟩(∂^aλ^2)(∂_aλ̄^2) + + � μ − 1 4 − 2β_1 + 4β_3 � ⟨v⟩(λ̄^2□λ^2) + 8(β_1 + β_2 − β_3)⟨vv̄^2⟩ � + + i 8 κ^2(σ^aλ̄)_α (∂_aλ^2) � 1 + κ^2 2 (1 − 4(β_1 + β_2 + β_3))⟨v⟩ +

+ 2κ^2β_3⟨v̄⟩ + κ^4γ⟨v⟩⟨v̄⟩ � , (6.7)

the transformed action is

S[ψ, ψ̄] = S_{AV}[λ, λ̄] + κ^6 32 μ � d^4x ⟨v^2v̄^2⟩ . (6.8)

We see that for the action (5.12), in conjunction with (5.15) and (5.16), is equivalent to the AV action (6.1) if eq. (6.3) holds. In particular, the supersymmetric Born-Infeld action (6.4) has this property.

Our field redefinition (6.7) involves four free parameters, β_1, β_2, β_3 and γ, which do not show up in the transformed action (6.8). This means that these parameters correspond to some symmetries of the original theory (5.12). Indeed, if we modify the field redefinition (6.7) by varying any of the parameters, the action is not affected.

7. Discussion

At first glance, the existence of the field redefinition (6.7) that turns the action (5.12) into (6.8), looks absolutely fantastic and unpredictable. However, it has a solid theoretical justification in one special case of self-dual supersymmetric electrodynamics (5.1) — the N = 1 supersymmetric Born-Infeld action (6.4). This action is known to describe the Goldstone-Maxwell multiplet for spontaneous partial supersymmetry breaking N = 2 → N = 1 [11, 12]. As a consequence, its purely fermionic sector

S_{BG}[ψ, ψ̄] = � d^4x � − 1 2 ⟨u +ū⟩ + κ^2 2 � ⟨u⟩⟨ū⟩ − 1 4 (∂^aψ^2)(∂_aψ̄^2) � − − κ^4 4 � ⟨u⟩^2⟨ū⟩ + ⟨u⟩⟨ū⟩^2 + 1 2 (ψ̄^2□ψ^2) + 1 2 (ψ^2□ ψ̄^2) � + + 3κ^6 32 � 4⟨u⟩^2⟨ū⟩^2 − 2(∂^aψ^2)(∂_aψ̄^2)⟨u⟩⟨ū⟩ + 1 4 ψ^2ψ̄^2(□ψ^2)(□ ψ̄^2) +

+ (ψ̄^2□ψ^2)⟨u⟩^2 + (ψ^2□ ψ̄^2)⟨ū⟩^2 � , (7.1)

which follows from (5.12), turns out to describe spontaneous breakdown of N = 1 supersymmetry [35]. This Goldstino action clearly does not coincide with the standard Goldstino action (A.1) or, equivalently, with (6.1). Universality of the Goldstino dynamics, on the other hand, implies that the two Goldstino actions, (A.1) and (7.1), should be related to

– 18 – each other. It was therefore conjectured in [35] that the actions (A.1) and (7.1) are related by a nontrivial field redefinition. Moreover, guided by considerations of nonlinearly realized supersymmetry, the authors of [35] proposed a nice scheme for constructing such a field redefinition and also confirmed it to order κ^2 (see the first line in (6.7)). Pushing their scheme to higher orders seems to give the redefinition (6.7) with all the parameters fixed as follows: β_1 =^1_{16} , β_2 = 0, β_3 =^1_{32} and γ = 0. We have checked the correspondence to order κ^4.

The field redefinition (6.7) corresponds to the purely fermionic sector of the globally supersymmetric theory (5.1). In the case when both bosonic and fermionic fields are present, as well as in the presence of supergravity – the case we analyzed in section 4, there should exist an extension of (6.7) that, at least, eliminates all higher derivative terms from the component action. But here our brute-force approach becomes extremely cumbersome and tedious to follow (even the fermionic case was quite a pain). We believe that there should be a more efficient approach to construct such field redefinitions. Unfortunately, it is beyond our grasp at the moment. It is worth pointing out that the issue of constructing nonlinear field redefinitions that eliminate higher derivatives, is quite typical in supersymmetric field theories. It naturally occurs when studying low-energy effective actions in extended super Yang-Mills theories [36, 37].

In conclusion, we would like to make a final comment regarding the supersymmetric Born-Infeld action (6.4). In the purely bosonic sector, this theory reduces, upon elimination of the auxiliary field, to the Born-Infeld action

S_{BI} = 1 κ^2 � d^4x � 1 − � −det(η_{ab} + κ F_{ab}) � , (7.2)

compare with (4.27). In the purely fermionic sector, it reduces, upon implementing the field redefinition (6.7) with μ = 0, to the Akulov-Volkov action (A.1). In the general case, it should describe, upon implementing a nonlinear field redefinition, the space-time filling D3-brane in a special gauge for kappa-symmetry, see [38, 39] and references therein. Such a gauge differs from the one chosen in [38].

The supersymmetric Born-Infeld action (6.4) is just a special representative in the family of self-dual models (5.1), with Λ(ω,ω̄) a solution of the differential equation (4.4). But it is only the action (6.4) which describes the partial supersymmetry breaking N = 2 → N = 1. At the component level, however, the purely fermionic action has been shown to be equivalent to the Goldstino action (A.1) under the mild condition (6.3), which holds for infinitely many members of the family, including the supersymmetric Born-Infeld action (6.4). In this sense, all such models contain information about spontaneous supersymmetry breaking.

Acknowledgments

Discussions with Ian McArthur are gratefully acknowledged. We are grateful to the referee for helpful comments and important references. The work of SK is supported in part by the Australian Research Council. The work of SMc is supported by the Hackett Postgraduate Scholarship and a UWA Graduates Association Postgraduate Research Travel Award.

– 19 –

A. The Akulov-Volkov action

The Akulov-Volkov (AV) action for the Goldstino [28] is^6

S_{AV}[λ, λ̄] = 2 κ^2 � d^4x � 1 − det Ξ � , (A.1)

where

Ξ_a^b = δ_a^b + κ^2 4 � i λσ^b∂_aλ̄ − i (∂_aλ)σ^bλ̄ � ≡ δ_a^b + κ^2 4 (v +v̄)_a^b . (A.2)

With the notation (5.14), the Goldstino action can explicitly be rewritten as a polynomial in v and v̄:

S_{AV}[λ, λ̄] = − 1 2 � d^4x � ⟨v +v̄⟩ + κ^2 8 � ⟨v +v̄⟩^2 − ⟨(v +v̄)^2⟩ � + + κ^4 16 � ⟨v^2v̄⟩ − ⟨v⟩⟨vv̄⟩ − 1 2 ⟨v^2⟩⟨v̄⟩ + 1 2 ⟨v⟩^2⟨v̄⟩ + c.c. � − − κ^6 64 � ⟨v^2v̄^2⟩ + 1 2 ⟨vv̄vv̄⟩ − � ⟨v⟩⟨vv̄^2⟩ − 1 4 ⟨v⟩^2⟨v̄^2⟩ + c.c. � + + ⟨v⟩⟨v̄⟩⟨vv̄⟩ − 1 2 ⟨vv̄⟩^2 − 1 4 ⟨v^2⟩⟨v̄^2⟩ − 1 4 ⟨v⟩^2⟨v̄⟩^2 � . (A.3)

The fourth-order terms can be simplified slightly: 1 4 � d^4x � ⟨v +v̄⟩^2 − ⟨(v +v̄)^2⟩ � = � d^4x � ⟨v⟩⟨v̄⟩ − ⟨vv̄⟩ � . (A.4)

Regarding the eighth-order terms, the situation is more dramatic. Using the (easily verified) identities

⟨v^2v̄^2⟩ = � ⟨v⟩⟨vv̄^2⟩ − 1 2 ⟨v⟩^2⟨v̄^2⟩ + c.c. � + ⟨vv̄⟩ � ⟨vv̄⟩ − ⟨v⟩⟨v̄⟩ � , 2⟨vv̄vv̄⟩ = ⟨v^2⟩⟨v̄^2⟩ − 2⟨vv̄⟩^2 + � ⟨v⟩^2⟨v̄^2⟩ + c.c. � + ⟨v⟩^2⟨v̄⟩^2 , (A.5)

one can check that the eighth-order terms in (A.3) completely cancel out! This result may seem strange, since the eighth-order terms in the AV action are, to the best of our knowledge, explicitly retained in all relevant publications, starting with the classic papers by Akulov and Volkov [28, 29] and continuing today, e.g. [40] (see, however [41] where it is demonstrated that the energy-momentum tensor for the AV model does not contain any eighth-order terms). Therefore we will give another, purely algebraic and quite elementary, proof.

The whole contribution from the eighth-order terms in the integrand in (A.3) can be shown to be proportional to

ε_{abcd} ε^{klmn} v_k^av_l^bv̄_m^cv̄_n^d = λ^2λ̄^2 ε_{abcd} ε^{klmn} � ∂_kλ̄ σ̃^{ab} ∂_lλ̄ � � ∂_mλ σ^{cd} ∂_nλ � . (A.6)

6Note that the normalization factor used here differs from that of 1/2κ^2 usually found in the literature. This is in order to match up with the coupling constant in the bosonic sector of the supersymmetric Born-Infeld action (7.2).

– 20 –

Using the well-known property of the sigma-matrices, 1 2 ε_{abcd} σ^{cd} = −i σ_{ab} , 1 2 ε_{abcd} σ̃^{cd} = i σ̃_{ab} , −→ (σ^{ab})_α^β (σ̃_{ab})^{α̇}_{β̇} = 0 , (A.7)

we see that the whole contribution under consideration vanishes. As a result, the AV action takes the form (6.1).

B. Old minimal supergravity: alternative realization

Here we consider an alternative realization of the model for old minimal supergravity (2.14) that is obtained by employing a variant superfield representation [42] of the form

Σ^3 = − 1 4 (D̄^2 − 4R) P , P̄ = P , (B.1)

with P an unconstrained real scalar superfield. It follows from (2.15) that the super-Weyl transformation of P should be P → e^{−σ−σ̄} P , (B.2)

compare with (2.9). In this approach, the covariantly chiral scalar Σ occurs not as one of the dynamical fields, but instead as a gauge-invariant field strength associated with the following gauge freedom:

δP = L , (D̄^2 − 4R) L = 0 . (B.3)

Unlike the vector multiplet case, the component vector field contained in P should now be interpreted as a gauge three-form, as the action of (B.3) on this field coincides with a three-form gauge transformation [42]. The gauge-invariant four-form field strength, which is associated with the three-form, appears as one of the two auxiliary fields contained in Σ^3. The latter implies, in fact, that a supersymmetric cosmological term [25, 26] becomes real, Im � d^8z

E^{−1} R Σ^3 = 0 . (B.4)

An interesting feature of this realization for old minimal supergravity is that it possesses solutions with a non-vanishing cosmological constant, without the need to explicitly add a supersymmetric cosmological term, μ � d^8z (ER)^{−1} Σ^3, to the supergravity action (2.14).

Another intriguing property of this formulation is that, unlike the standard realization, it allows a simple construction of massive off-shell supergravitons [43].

If one only insists on the super-Weyl invariance (B.2) without requiring the gauge symmetry (B.3), a more general action, involving the naked prepotential P , can be considered S = � d^8z E^{−1} P F �¯ Σ Σ P � + � g � d^8z

E^{−1} R W^2 + c.c. � , W_α = − 1 4 (D̄^2 − 4R)D_α ln P , (B.5)

with a real function F(x) and a constant parameter g. In general, such an action describes couplings of supergravity to supersymmetric matter, see e.g. [44]. It corresponds to pure supergravity only if g = 0 and F(x) is a linear function, F(x) = −3x + μ.

– 21 –

References

[1] M. Born and L. Infeld, Foundations of the new field theory, Proc. Roy. Soc. Lond. A144 (1934) 425.

[2] M.K. Gaillard and B. Zumino, Duality rotations for interacting fields, Nucl. Phys. B 193 (1981) 221.

[3] G.W. Gibbons and D.A. Rasheed, Electric - magnetic duality rotations in nonlinear electrodynamics, Nucl. Phys. B 454 (1995) 185 [hep-th/9506035]; SL(2, R) invariance of non-linear electrodynamics coupled to an axion and a dilaton, Phys. Lett. B 365 (1996) 46 [hep-th/9509141].

[4] M.K. Gaillard and B. Zumino, Self-duality in nonlinear electromagnetism, in Supersymmetry and quantum field theory, J. Wess and V.P. Akulov eds., Springer, Berlin 1998 [hep-th/9705226]; Nonlinear electromagnetic self-duality and Legendre transformations, in Duality and supersymmetric theories, D.I. Olive and P.C. West eds., Cambridge University Press, Cambridge 1999 [hep-th/9712103].

[5] E.S. Fradkin and A.A. Tseytlin, Nonlinear electrodynamics from quantized strings, Phys.

Lett. B 163 (1985) 123.

[6] R.G. Leigh, Dirac-Born-Infeld action from Dirichlet sigma model, Mod. Phys. Lett. A 4 (1989) 2767.

[7] Y. Tanii, Introduction to supergravities in diverse dimensions, hep-th/9802138;

M. Araki and Y. Tanii, Duality symmetries in non-linear gauge theories, Int. J. Mod. Phys. A 14 (1999) 1139 [hep-th/9808029];

T. Kimura and I. Oda, Duality of super D-brane actions in general type-II supergravity background, Int. J. Mod. Phys. A 16 (2001) 503 [hep-th/9904019];

D. Brace, B. Morariu and B. Zumino, Duality invariant Born-Infeld theory, hep-th/9905218; P. Aschieri, D. Brace, B. Morariu and B. Zumino, Nonlinear self-duality in even dimensions, Nucl. Phys. B 574 (2000) 551 [hep-th/9909021];

M. Hatsuda, K. Kamimura and S. Sekiya, Electric-magnetic duality invariant lagrangians, Nucl. Phys. B 561 (1999) 341 [hep-th/9906103];

P. Aschieri, D. Brace, B. Morariu and B. Zumino, Proof of a symmetrized trace conjecture for the abelian Born-Infeld lagrangian, Nucl. Phys. B 588 (2000) 521 [hep-th/0003228]; E.A. Ivanov and B.M. Zupnik, New representation for lagrangians of self-dual nonlinear electrodynamics, hep-th/0202203; New approach to nonlinear electrodynamics: dualities as symmetries of interaction, Phys. Atom. Nucl. 67 (2004) 2188 [hep-th/0303192].

[8] S.M. Kuzenko and S. Theisen, Supersymmetric duality rotations, JHEP 03 (2000) 034 [hep-th/0001068].

[9] S.M. Kuzenko and S. Theisen, Nonlinear self-duality and supersymmetry, Fortschr. Phys. 49 (2001) 273 [hep-th/0007231].

[10] S. Cecotti and S. Ferrara, Supersymmetric Born-Infeld lagrangians, Phys. Lett. B 187 (1987) 335.

[11] J. Bagger and A. Galperin, A new goldstone multiplet for partially broken supersymmetry, Phys. Rev. D 55 (1997) 1091 [hep-th/9608177].

[12] M. Roček and A.A. Tseytlin, Partial breaking of global D = 4 supersymmetry, constrained superfields and 3-brane actions, Phys. Rev. D 59 (1999) 106001 [hep-th/9811232].

– 22 –

[13] S. Bellucci, E. Ivanov and S. Krivonos, N = 2 and N = 4 supersymmetric Born-Infeld theories from nonlinear realizations, Phys. Lett. B 502 (2001) 279 [hep-th/0012236]; Towards the complete N = 2 superfield Born-Infeld action with partially broken N = 4 supersymmetry, Phys. Rev. D 64 (2001) 025014 [hep-th/0101195].

[14] S.M. Kuzenko and S.A. McCarthy, Nonlinear self-duality and supergravity, JHEP 02 (2003) 038 [hep-th/0212039].

[15] J. Wess and B. Zumino, Superspace formulation of supergravity, Phys. Lett. B 66 (1977) 361;

R. Grimm, J. Wess and B. Zumino, Consistency checks on the superspace formulation of supergravity, Phys. Lett. B 73 (1978) 415;

J. Wess and B. Zumino, Superfield lagrangian for supergravity, Phys. Lett. B 74 (1978) 51.

[16] K.S. Stelle and P.C. West, Minimal auxiliary fields for supergravity, Phys. Lett. B 74 (1978) 330;

S. Ferrara and P. van Nieuwenhuizen, The auxiliary fields of supergravity, Phys. Lett. B 74 (1978) 333.

[17] V.P. Akulov, D.V. Volkov and V.A. Soroka, On general covariant theories of gauge fields on superspace, Theor. Math. Phys. 31 (19777) 12;

M.F. Sohnius and P.C. West, An alternative minimal off-shell version of N = 1 supergravity, Phys. Lett. B 105 (1981) 353.

[18] S.J. Gates, M.T. Grisaru, M. Roček and W. Siegel, Superspace, or one thousand and one lessons in supersymmetry, Front. Phys. 58 (1983) 1–548 [hep-th/0108200].

[19] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press, Princeton 1992.

[20] I.L. Buchbinder and S.M. Kuzenko, Ideas and methods of supersymmetry and supergravity or a walk through superspace, IOP, Bristol 1998.

[21] E. Cremmer et al., Superhiggs effect in supergravity with general scalar interactions, Phys.

Lett. B 79 (1978) 231; Spontaneous symmetry breaking and Higgs effect in supergravity without cosmological constant, Nucl. Phys. B 147 (1979) 105.

[22] E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Coupling supersymmetric Yang-Mills theories to supergravity, Phys. Lett. B 116 (1982) 231; Yang-Mills theories with local supersymmetry: lagrangian, transformation laws and superhiggs effect, Nucl. Phys. B 212 (1983) 413.

[23] T. Kugo and S. Uehara, Improved superconformal gauge conditions in the N = 1 supergravity Yang-Mills matter system, Nucl. Phys. B 222 (1983) 125.

[24] P. Binetruy, G. Girardi and R. Grimm, Supergravity couplings: a geometric formulation, Phys. Rept. 343 (2001) 255 [hep-th/0005225].

[25] M. Kaku, P.K. Townsend and P. van Nieuwenhuizen, Properties of conformal supergravity, Phys. Rev. D 17 (1978) 3179;

M. Kaku and P.K. Townsend, Poincaré supergravity as broken superconformal gravity, Phys. Lett. B 76 (1978) 54;

A. Das, M. Kaku and P.K. Townsend, A unified approach to matter coupling in weyl and Einstein supergravity, Phys. Rev. Lett. 40 (1978) 1215.

– 23 –

[26] W. Siegel, Solution to constraints in Wess-Zumino supergravity formalism, Nucl. Phys. B 142 (1978) 301;

W. Siegel and S.J. Gates Jr., Superfield supergravity, Nucl. Phys. B 147 (1979) 77.

[27] P.S. Howe and R.W. Tucker, Scale invariance in superspace, Phys. Lett. B 80 (1978) 138.

[28] D.V. Volkov and V.P. Akulov, Possible universal neutrino interaction, JETP Lett. 16 (1972) 438; Is the neutrino a Goldstone particle?, Phys. Lett. B 46 (1973) 109.

[29] V.P. Akulov and D.V. Volkov, Goldstone fields of spin 1/2, Theor. Math. Phys. 18 (1974) 28.

[30] B. de Wit and M. Roček, Improved tensor multiplets, Phys. Lett. B 109 (1982) 439.

[31] W. Siegel, Gauge spinor superfield as a scalar multiplet, Phys. Lett. B 85 (1979) 333.

[32] P.S. Howe, K.S. Stelle and P.K. Townsend, The vanishing volume of N = 1 superspace, Phys.

Lett. B 107 (1981) 420;

J. Gates, S. J., M. Roček and W. Siegel, Solution to constraints for N = 0 supergravity, Nucl. Phys. B 198 (1982) 113.

[33] S. Ferrara, L. Girardello, T. Kugo and A. Van Proeyen, Relation between different auxiliary field formulations of N = 1 supergravity coupled to matter, Nucl. Phys. B 223 (1983) 191.

[34] J. Wess and B. Zumino, The component formalism follows from the superspace formulation of supergravity, Phys. Lett. B 79 (1978) 394.

[35] T. Hatanaka and S.V. Ketov, On the universality of Goldstino action, Phys. Lett. B 580 (2004) 265 [hep-th/0310152].

[36] F. Gonzalez-Rey, B. Kulik, I.Y. Park and M. Roček, Self-dual effective action of N = 4 super- Yang-Mills, Nucl. Phys. B 544 (1999) 218 [hep-th/9810152].

[37] S.M. Kuzenko and I.N. McArthur, Relaxed super self-duality and N = 4 SYM at two loops, Nucl. Phys. B 697 (2004) 89 [hep-th/0403240];

S.M. Kuzenko, Self-dual effective action of N = 4 SYM revisited, JHEP 03 (2005) 008 [hep-th/0410128].

[38] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

[39] A.A. Tseytlin, Born-Infeld action, supersymmetry and string theory, hep-th/9908105.

[40] K. Shima and M. Tsuda, More on the universality of the Volkov-Akulov action under N = 1 nonlinear supersymmetry, Phys. Lett. B 598 (2004) 132 [hep-th/0406182].

[41] J. Lopuszanski, On the Volkov-Akulov model, Acta Phys. Polon. B26 (1995) 1223.

[42] S.J. Gates Jr., Super p-form gauge superfields, Nucl. Phys. B 184 (1981) 381;

S.J. Gates Jr. and W. Siegel, Variant superfield representations, Nucl. Phys. B 187 (1981) 389.

[43] T. Gregoire, M.D. Schwartz and Y. Shadmi, Massive supergravity and deconstruction, JHEP 07 (2004) 029 [hep-th/0403224];

I.L. Buchbinder, J. James Gates, S., S.M. Kuzenko and J. Phillips, Massive 4d, N = 1 superspin 1 and 3/2 multiplets and dualities, JHEP 02 (2005) 056 [hep-th/0501199].

[44] B. de Wit and P. van Nieuwenhuizen, The auxiliary field structure in chirally extended supergravity, Nucl. Phys. B 139 (1978) 216.

– 24 –